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Abstract In this paper, we will introduce a low concentration trimolecular stochastic
chemical reaction model. We will prove that the solution of the system is positive and
global. And then we draw a conclusion that there is a stationary distribution for the
stochastic system and it has ergodicity under appropriate conditions. Finally, we test
our theory conclusion by simulations. It is interesting that no matter what states the
unique equilibrium of ordinary differential equation model appears, and regardless of
whether the limit cycle exists, our stochastic model is always ergodic.

Keywords Trimolecular chemical reaction - Lyapunov function - Stationary
distribution - Ergodicity

1 Introduction

In history, the earliest report of periodic chemical reactions in the homogeneous solu-
tion is the decomposition of iodate iodine catalyzed the oxidative coupling reaction of

The work was supported by NSFC of China (No. 11371085 ), and the Ph.D. Programs Foundation of
Ministry of China (No. 200918).

Y. Yang - D. Jiang ()

School of Mathematics and Statistics, Northeast Normal University,
Changchun 130024, People’s Republic of China

e-mail: daqingjiang2010@hotmail.com

Y. Yang
School of Mathematics and Statistics, Jilin Normal University,
Siping 136000, People’s Republic of China

D. Jiang
College of Science, China University of Petroleum (East China), Qingdao 266580, China

@ Springer



J Math Chem (2014) 52:2532-2545 2533

hydrogen peroxide. The earliest use of mathematical models to predict sustained oscil-
lation is Lotka model. But when the chemical oscillation is regarded as rare examples,
even as it is playing skills, no attention. Since the early nineteen sixties, due to the
discovery of sustained oscillations in the biochemistry reaction, and they have become
an important part of experimental research. At the same time, people pay more and
more attention in the field of mathematical model in order to explain the periodic oscil-
lation phenomena such as ecology, chemical reactor function and biological variety.
For example, Lotka model, Brussel oscillator, Belousov—Zhabotinskii etc.

In this paper, we will introduce a low concentration trimolecular reaction model
which is little different from the famous Brusselator model, its reaction mechanism
is:

A—> X
B+X—>Y
X +2Y - 3Y
Y — 0.

Here we assume that all the reaction rate constants are equivalent to 1. In the reaction
process A, B are input chemicals held at constant concentrations far from equilibrium,
denoted by A and B respectively. X, ¥ are intermediates whose concentration varies
with the reaction time. We record x and y as the concentration of the intermediate
product X and Y, which is all we want to discuss in this paper. In the well-stirred case
and if stochastic fluctuations are neglected the evolution of the concentration of the
intermediate product X and Y can be described by the following nonlinear response
equation:

dx 2
“= =A—-Bx—x
[5; ’ (1.1)

_ 2
Jr=Bx+xy —y

There is one and only one equilibrium Pz A2’ A) of system (1.1). Tyson and Light
[1] show that the system executes relaxatlon oscillations in the limit B — 0. Linear
stability analysis for this system about the steady state X = & " AZ’ Y = A yields

by Kauffman and Wllle [2]. When < B+ A% + 1, P is steady focal point or
nodal pomt When

B A2
> B + A% + 1, P is unstable focal point or nodal point.

B+A2
When B n A2 = B+ A2 + 1, P is stable fine focus. In [3], authors conclude that when

32+A = > B+ A2 + 1, system (1.1) exists at least one stable limit cycle surrounding

the steady state and discuss the condition of A < 1, B < 0.13.

The reaction mechanism of this model is similar to Prigogine model [4], for which
there is no restriction on the superior limit of parameters. In Prigogine model, it is only
require that A > 0, B > 1. Qualitatively, Prigogine trimolecular model is suitable for
high concentration ranges, yet our model is fit to low concentration ranges.

In fact, chemical reaction models are inevitably affected by environmental white
noise which is an important component in realism, because it can provide an additional
degree of realism in compared to their deterministic counterparts. Recently, we have
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study a stochastic multi-molecule biochemical reaction model in [5]. It is the first
time that we consider the chemical reaction model under stochastic perturbation. The
paper introduces the dynamics of a stochastic multi-molecule biochemical reaction
model by choosing appropriate Lyapunov function. So both from a chemical and a
mathematical perspective, there are different possible approaches to include random
effects in the model (1.1). In this paper, taking into account the effect of randomly
fluctuating environment in system (1.1), we incorporate white noise in order to mod-
elling stochastic chemical reaction model. We introduce stochastic perturbations of
the white noises into the ordinary differential equation model directly, then we obtain
the corresponding stochastic three molecular reaction model:

[)'C:A—Bx—xy2+01x31(t) (1.2)

Y= Bx +xy? —y+02yBa(t)

where B (t), B2(t) are independent Brownian motions, and 012 > 0, 022 > (O represent
the intensities of white noise.

In Sect. 2, we will prove that the solution of system (1.2) is positive and global. In
Sect. 3, we have a conclusion that for any initial value (x(0), y(0)) € R2, there is a
stationary distribution for system (1.2) and it has ergodic property under appropriate
conditions. Finally, we test our theory conclusion by simulations in Sect. 4. In this
paper, no matter what state the unique equilibrium of ordinary differential equation
model appears, such as stable focal point or nodal point, unstable focal point or nodal
point, or stable fine focus, and no matter whether the limit cycle exists, our stochastic
model is always has ergodicity. This fact makes us feel very interesting. It seems like
the white noise causes the stochastic system stable.

In this paper, we let (2, F, {F;};>0, P) be a complete probability space with a
filtration {F;};>¢ satisfying the usual conditions (i.e. it is right continuous and Fo
contains all P-null sets), unless otherwise specified. Denote

Rl ={xeR":x; >0 foralll <i <n},

Iéi:{xeR”:xizO forall 1 <i < n}.
Generally we consider d-dimensional stochastic differential equation
dx(t) = f(x(r), )dr + g(x(1),1)dB(t), fort = to, (1.3)

with initial value x(f9) = xo € R", B(t) denotes d-dimensional standard Brownian
motions defined on the above probability space. Define the differential operator L
associated with Eq. (1.3) by

2

Lot L0+ 5 [ wose ],

i 8xixj '

@ Springer



J Math Chem (2014) 52:2532-2545 2535

If L acts on a function V € C>'(R" x Ry; R.), then
1
LV (1) = V(. 1) + Va0 f (e, 1) + strace [ g7 (. ) Via (x. Dg 1) |

where V; = X v, = (%, o %) and Vi, = (%)dxd. By It6’s formula, if
iXj
x(t) € Sp, then

dV(x(t),t) = LV(x(t), t)dt + Vi(x(t),t)g(x(t), t)d B(t).

2 Existence and uniqueness of the positive solution

Firstly, we show that the solution of system (1.2) is positive and global. For any initial
value to get aunique global solution, i.e, no explosion in a finite time, the coefficients of
the equation are required to satisfy the local Lipschitz condition and the linear growth
condition (cf. Mao [6]). However as the item xy2 is nonlinear, so the coefficients of
system (1.2) do not satisfy the linear growth condition obviously. Thus the solution
may be explore in finite time. In this section, we use the Lyapunov analysis method
to show that the solution of system (1.2) is positive and global as mentioned in Refs.
[7-9].

Theorem 2.1 If o1, o7 satisfy
ol <2B,05 <1 (2.1

then there is a unique solution (x(t), y(t)) of system (1.2) on t > 0 for any initial
value (x(0), y(0)) € RZ, and the solution will remain in Ri with probability 1, that
is, (x(), y()) € R_zi_ forallt > 0 almost surely.

Proof Since the coefficients of stochastic differential equation (1.2) are locally Lip-
schitz continuous for any given initial value (x(0), y(0)) € R2, there exists a unique
local solution (x(¢), y(t)) ont € [0, 7.), where 7, is the explosion time (see Ref. [6]).
We need to proof that 7, = 0o a.s. in order to show this solution is global, Let mg > 0
be sufficiently large such that x (0) and y(0) all lie within the interval [1/mg, mg]. For
each m > my, define the stopping time:

Ty =inf 1t € [0, 1) : min{x(t), y()} < % ormax {x(t), y@t)} > mt.

Throughout this paper, we setinf ¢ = 00, as usual ¢ denotes the empty set. According
to the definition, 7, is increasing as m — 00. Set Too = lim,,;,_, oo Ty, Where Too < T,
a.s. If we can prove that 7o, = 00 a.s., then 7, = oo and (x(¢), y(¢)) € Rf_ a.s. for all
t > 0. That is to say, to complete the proof all we need to illustrate is that 7o, = co a.s.
If it doesn’t hold up, there is a pair of constants 7 > 0 and ¢ € (0, 1) such that

P{teo < T} > .
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Hence there is an integer m| > mg such that
Pl{t, <T}>¢, forallm=>m;. 2.2)
Define a C2-function V : Ri — R, by

(x +y)?

Vx,y) =(x —1—logx) + (y —1—logy) + ki 7

2
X
+k27 =Vi+kVh) +k3V3.

This function is non-negative for all x, y > 0 because of u — 1 — logu > 0, Vu > 0.
Letm > mg and T > 0 be arbitrary, using Itd’s formula, we obtain

dV(x,y) =LVdt+o1(x — 1)dB1(t) + 02(y — 1)d Ba(¢t)

2.3
—|—k2(x+y)(61del(t)+02yde(t))+k301x2dBl(t). (2:3)
L is the generating operator of system (1.2) and then we get:
2 2
_ 1 N 1 2 o
i=(-HU-Br-o)+F+(1-Br+n?-n+%
A X 2 of | o3
=5 By —y—xy+y +A+B+1+5+ 5 2.4)
:—%—B%—y—xy—i—yz—i—H
<-y+y'+H,

2 2
whereH=A+B+1+%+%.Next

LVa=(x+y)(A—-y) + %(olx +02y)?
< Ax 4+ Ay —xy —y  + 012x2 + 022y2 2.5)
< Ax + Ay — y2 + 612x2 + 022y2,

and then

LV3 = Ax — Bx? — x%y? + %Ulzxz

< Ax — Bx?2 + %Ulzxz, (2.6)

From the definition of function V and the above three inequalities (2.4)—(2.6), we can
obtain

2
LV < Alky + k3)x — |:k3 (B - %1) - k2012:| 224 (oA — 1)y

—[ky(1 — 03) — 1]y> + H. (2.7)
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Due to condition (2.1), we can choose appropriate positive constant k>, k3 such that
the following two inequality

_0_12 _ 2 — 52y —
k3 > kyoi{ > 0,k(1 —05)—1>0

hold at the same time. Thus according to (2.7) we can conclude that LV < C, where
C is a constant. The remainder proof of this theorem follows that in Ji et al. [10]. O

3 Ergodicity

Before the proof of the ergodicity, we present a result which can be found in [11]. The
reader can also refer to [12] for details.

Let X (¢) be a homogeneous Markov Process in E; (E; denotes Euclidean /-space)
described by the stochastic equation

k
dX (1) = b(X)dt + > g-(X)dB,(t). (3.1

r=1
and its diffusion matrix is
k _ )
AG) = (Aij (), (ij () = > gh)gl ().
r=1

Define the differential operator £ associated with Eq. (3.1) by

! 3 1 < 92
L=> b(x)— + = Mk )
1; k(x)axk + zka-::1 kj (x)a)Ckaxj

Lemma 3.1 (See [11]) Assume that there exists a bounded domain U C E; with
regular boundary T, having the following properties:

(B.1) Inthe domain U and some neighborhood thereof, the smallest eigen-
value of the diffusion matrix A(x) is bounded away from zero.

(B.2) Ifx € E)\U, the mean time t at which a path issuing from x reaches
the set U is finite, and sup, g Ext < 00 for every compact subset
K C E.

Then the Markov process X (t) has a stationary distribution j.(-). Let f (-) be a function
integrable with respect to the measure (1. Then

T
Px[ lim l/ f(X())dt :/ f(x)u(dx)] =1,
T—oo T Jo E

forall x € Ej.
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Remark 3.1 The proofis given in [11]. The existence of a stationary distribution with
density is given in Theorem 4.1, p. 119 and Lemma 9.4, p. 138. The weak convergence
and the ergodicity are obtained in Theorem 5.1, p. 121 and Theorem 7.1, p. 130. To
validate (B.1), it is enough to prove that F is uniformly elliptical in any bounded
domain D, where Fu = b(x)u, + %tr(A(x)uxx), that is, there is a positive number
M such that z;{,]:] rij(0)EiE; = M|&1%, x € D, & € RF (see Ref. [13, Chapter 3, p.
103] and Rayleighs principle in [ 14, Chapter 6, p. 349]). To verify (B.2), it is sufficient
to show that there exists some neighborhood U and a non-negative C2-function such
that, for any E;\U, LV is negative (for details refer to [15, p. 1163]).

Lemma 3.2 Let X () be a regular temporally homogeneous Markov process in E;. If
X (¢) is recurrent relative to some bounded domain U, then it is recurrent relative to
any nonempty domain in Ej.

Remark 3.2 Since the existence of positive solution of model (1.2) has been obtained
by Theorem 2.1, it is enough to take R%r as the whole space.

Theorem 3.1 Assume (2.1) satisfy. Then, for any initial value (x(0), y(0)) € R2,
there is a stationary distribution u(-) for system (1.2) and it has ergodic property.

Proof To prove this theorem, it is enough for us to verify that (B.1) and (B.2) hold
under condition (2.1). First, system (1.2) can be written as the form of the following
system:

x\ _ A—Bx—xy2 o1x 0
d(y) - (Bxﬂyz—y)d“r( 0 )dBl(IH(W)dBZ(I)

Here the diffusion matrix is

2,2
oix 0
A(x,)’)z( ]0 Uzzyz)

Besides there is M = min{alzxz, 022y2, (x,y) € U} > 0 such that

2
D hijlx, IEE; = ot x*E] +03yE = MIEP, all (x,y) € U, & € R?,
i,j=1

which implies condition (B.1) is satisfied
Now we need to check condition (B.2). Therefor we will construct a nonnegative
C2-function V and a closed set U € > (which lies in Ri entirely) such that

sup  LV(x.y) <0,
(x,y)eRZ\U

which can assure that (B.2) is satisfied. Consider C2-function & (x, y):

1 x + y)?
h(xy) = oo 4 ST

5 5+ C2(2x +y) — C3(logx + logy), (x, y) eR.
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Take Cy, C, C3 be positive constant such that
c B 1 c B 1 (1 2y
= — — -, = _—— = — O .
! 012 2 3 0’12 2 2

(& max 1 A ! + ! A B ! 3.2)
> max —+—).Al = -=)t. :
2 0'12 2B 0'12 2

Itis not difficult to check that 2 (x, y) has a unique minimum point (xo, %) ,
3—Caxp—x)

where xg is the root of equation

Ci1Csx Cs V C% +4C3 — 2

Cl+Dxd 420, - — =0, xe |0, :
Crtx+ e +20 -3 x >

and

lim inf h(x,y) = +oo,
k=00 (x,y)eR{ \Dx

where Dy = (1/k, k) x (1/k, k). And then, we define a C2-function, which is non-
negative, taking the following form:

V(x,y) =h(x,y) — h(xo, CA)

3 — Coxg — X3

By direct calculation, we obtain that
LV = Ax — Bx?* = x2y? + 301°x% + C1 [Ax + Ay — xy — y? + 3 (01x + 02)?]

+ Cr(2A — y — Bx — xy?)

2 2
+C3 (_g_ Loxy+y B+ G+ F
< Ax — Bx* + %alzxz + C1(Ax + Ay — y> + 012x2 + 022y2)
4+ C2(2A —y — Bx)

2 2
+Cs (—§—3§+y2+3+1+%+%)
< —[BC; — A(Cy + D]x — (B — 3012 — Cio}) x2
—(C2 = C1A)y = (C1 = Ci037 — C3)y?
2 2
—C3A; — C3BY +2A4C: + G5 (B+1+"71+"72).
Due to condition (3.2), we choose given value of C1 and C3 such that

1
B_Emz—c]afzo, Ci—Ciof —C3 =0,
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and the range of constant C, can guarantee

BC, — A(Ci+1)>0,C, — C1A > 0.

2 2
Thus, if remark K = 2AC, + C3(B + 1 + Z- + %), then in term of (2.1) and (3.2)
we can get:

1
LV < —[BCs — A(Cy + )]x — (Cs — C1A)y — C3A— — C3BE + K. (3.3)
x y

Define a closed set

1 1
Ue ey = [(x,y) eRligg<x<—,ep<y<—1t,
€1 €2
where €1, &, are sufficiently small numbers such that
1
K —Ci3A— < —1, 3.4
€1
€1
K—-C3B— < —1, 3.5)
&2
1
K —[BC, —ACI+ 1)]— < —1, 3.6)
&1
1
K—(Cy,—ClA— < —1. 3.7
&2

Furthermore ¢; is a higher order infinitesimal of ;. That is to say, we should choose
them as the following form:

g1 =¢0, & =&,

where &g is a positive number which can be sufficiently small.

Denote
D;l,sz = {(x,y) € Ri 0<x < 81},
Dszl,aZZ{(X,y)ERi_:gl §x§%70<y<82}’
DSI’SZ = {(X, y) € ]R%_ CX > %} ,
D?I,EZ = {(-x7 y) € Ri Ty > %] .

ThenR3\U,, ., = D}, \UD2 ., UD} . \UD? , .Consequently,forany (x,y) €

£1,62 £1,62 £1,82 £1,€2
]Rir\Ugl .e, we discuss the following four cases:
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1
£1,€2”

Case 1. For any (x,y) € D
1 1

LV < —-C3A—+ K < —-C3A— + K.
X €1

Wecanget LV < —1 on D! in view of (3.3) and (3.4).

£1,82”

Case 2. On D2

£1,€2°

LV < —-CBE + Kk < —3BEL 4 k.,
y &

we can also get LV < —1 because of (3.3) and (3.5).

Case 3. When (x, y) € D>

£1,82°
1

LV < —[BCy; — A(C1 + DIx+ K < —[BC2 — A(C1 + 1)]— + K.
&1

Noticing (3.3) and (3.6), we have LV < —1 on D>

£1,62°

Case 4. On D?

£1,€2°
1

LV < —(C; —C1A)y+K < —(C2 — CIA)g_ +K,
2

which indicates LV < —1 in this domain, in virtue of (3.3) and (3.7) hold.

Based on the discuss of the above four kinds of cases, the condition (B.2) in
Lemma 3.1 is also satisfied.

Thus we complete the proof of Theorem 3.1. O

4 Simulation

In this section, we will test our theory conclusion by simulations. In this paper, we shall
assume that the unit of time is minute and the concentrations of the reactant are mea-
sured in units of mol/L min. Examples 4.1-4.3 are the scatter distribution comparison
diagram of the ordinary differential equation model (1.1) and stochastic differential
equation model (1.2). Examples 4.4—4.6 are the simulations of the stationary distri-
bution histogram. In the following simulations, we all use discretization method and
choose Ar = 0.02.

Example 4.1 Choosing the parameters in the system (1.2) as follows:

A=09, B=0.1, 01=02, 0p=05. “4.1)
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0.95

0.85

0.8

0.5 1 1.5 2 25

Fig. 1 Computer simulation of the distribution of scatter for stochastic model (1.2) (shown in left side)
and determined model (1.1) (shown in right side) when we choose the value of parameters as (4.1). This
moment equilibrium P (0.989, 0.9) of system (1.1) is a steady focal point or nodal point

1 2 3 06 08 1 12 14 16 1.8

Fig. 2 Computer simulation of the distribution of scatter for stochastic model (1.2) (shown in left side)
and determined model (1.1) (shown in right side) when we choose the value of parameters as (4.2). This
moment equilibrium P (1.18644. 0.7) of system (1.1) is a unstable focal point or nodal point, and system
(1.1) exists unique stable limit cycle

Here we can compute that

242 =178 < B+ A2+ 1=1.091
— =178 < =191,
B+ A?

while the corresponding ordinary differential equation model (1.1) has unique steady
focal point or nodal point P(0.989, 0.9). Choosing initial value (x(0), y(0)) =
(1,0.8), and then by Matlab, we simulate the scatter distribution of the ordinary

differential model (1.1) and the corresponding stochastic model (1.2). The simulation
result is shown in Fig. 1.

Example 4.2 Here we set the parameters in the system (1.2) as:
A=07, B=0.1, 0;=02, o, =0.5. 4.2)
We can compute that

242

m£1.66>B+A2+1:1.59,
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0 1 2 3 0.9 1 1.1 12 13

Fig. 3 Computer simulation of the distribution of scatter for stochastic model (1.2) (shown in left side)
and determined model (1.1) (shown in right side) when we choose the value of parameters as (4.3). This
moment equilibrium P (1.09, 0.79) of system (1.1) is a steady fine focus

g 1-} 10000
0.9 5000
0 500 1000 0.9 1 1.1

t

. 1 10000
0.9 5000
0.8 0

0 500 1000 08 085 09 095 1
t

Fig.4 The solution of the stochastic system and its histogram. The red lines represent the solution of system
(1.2), and the blue lines represent the solution of corresponding undisturbed system (1.1). The pictures on
the right are the histogram of system (1.2) (Color figure online)

while (1.1) has unique unstable focal point or nodal point P (1.18644. 0.7). Keeping
initial value same to Example 4.1 and using the same method, we show the simulation
result in Fig. 2.

Example 4.3 Now we choose the parameters in the system (1.2) as:
A =0.78968778498212758517, B =0.1, 01 =0.2, 02 =05, (4.3)

such that

2A2

m=B+A2+1.

And then P (1.09, 0.79) is stable fine focus. We show the simulation result in Fig. 3.
Next we will show that system (1.2) has the stationary distribution.

Example 4.4 We choose the parameters in the system (1.2) as:
A=09, B=0.1, o;=0=0.1, 4.4

and so the condition 012 < 2B, 022 < lisalsosatisfied. Therefore, as Theorem 3.1 said,
there is a stationary distribution (see the histogram on the right in Fig. 4). Furthermore,
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1.1
x 1 10000
0.9 0
0 500 1000 09 095 1 1.05 1.1
t
1
>°-9W 10000 ‘
0.8 0

0 500 1000 08 085 09 09
t

e

Fig.5 The solution of the stochastic system and its histogram. The red lines represent the solution of system
(1.2), and the blue lines represent the solution of corresponding undisturbed system (1.1). The pictures on
the right are the histogram of system (1.2) (Color figure online)

2.8
0.5

0
0 500 1000 0.5 1 1.5 2 2.
t

15
= 10000
05

0 500 1000 0.5 1 1.5
t

(6]

Fig.6 The solution of the stochastic system and its histogram. The red lines represent the solution of system
(1.2), and the blue lines represent the solution of corresponding undisturbed system (1.1). The pictures on
the right are the histogram of system (1.2) (Color figure online)

g

}

0 500 1000 06 08 1 12 14 16 1.8
t
> W 10000_‘-__
5000
0.5 0
0 500 1000 0.6 0.8 1 1.2

t

Fig.7 The solution of the stochastic system and its histogram. The red lines represent the solution of system
(1.2), and the blue lines represent the solution of corresponding undisturbed system (1.1). The pictures on
the right are the histogram of system (1.2) (Color figure online)

we set

A=09, B=0.1, o7=0=0.05, 4.5)
the simulation result of stochastic system is shown in Fig. 5. The left pictures in Figs. 4
and 5 show that the solution of system (1.2) is fluctuating in a small neighborhood,

and by comparing the two diagrams we can find that the oscillation amplitude of the
stochastic system is reduced with the decrease of white noise.
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Example 4.5 Here we set the parameters in the system (1.2) as:

A=0.7, B=0.1, o1 =0,=0.1, (4.6)

The simulation result of stochastic system is shown in Fig. 6.

Example 4.6 Choosing the parameters in the system (1.2) as

A =0.78968778498212758517, B = 0.1,01 = 02 = 0.1, 4.7)

The simulation result of stochastic system is shown in Fig. 7.
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